In this paper, under suitable assumptions on the external force f and initial data u τ , we obtain the existence of (weak and strong) uniform attractor for a non-autonomous reaction-diffusion equations by establishing the asymptotical compactness for the semi-processes.
Introduction
Let Ω ⊂ R 3 be a bounded domain with sufficiently smooth boundary ∂Ω, we consider the non-autonomous 3D reaction-diffusion equation:
Here u = u(t, x) = (u 1 (t, x), u 2 (t, x), u 3 (t, x)) is the velocity vector field, f (t, x) is the external force, λ > 0 is the diffusion constant.
The global well-posedness, asymptotic behavior of solutions and the investigation of the associated infinite dimensional dynamics have become the most essential aspects in the field of nonlinear evolution equations since 1960's. As far as the associated infinite-dimensional dynamics is concerned, for the nonautonomous system, the existence theory of uniform attractors and trajectory attractors, one can refer to [1] , for the autonomous system, one can find the existence theory and structure of global attractor which reflects the complexity of the long time behavior of the solution in [3] , [11] , [9] , [8] .
Since the long time behavior of reaction-diffusion equation pay an important role in explain the stability of reaction diffusion phenomena in physics, biology, chemistry and engineering science, the reaction-diffusion equation has become a hot topic in pure and applied mathematical research. For the classical result of reaction-diffusion equation, such as the global existence of solutions in L 2 (Ω) and H 1 0 (Ω), long-time behavior for autonomous system (such as global attractor, Hausdorff dimension of attractor), we can refer to [11] , [7] , [4] . Later, Chepyzhov and Vishik [2] gave a new method which is well suited to investigating equations arising in mathematical physics without unique solvability, the theory of trajectory attractor has developed and used to reaction-diffusion equation. Zhong, Yang and Sun [12] represented a general theory of normto-weak semigroup and applied to reaction-diffusion equation which obtained the existence of global attractor. Song and Zhong [10] investigate the case of external force function with less regularity (such as the external force is translation bounded but not translation compact or belong to norm functions class) and derived the uniform attractor in L p (Ω) for the reaction-diffusion equation. In this paper, we investigate the uniform attractor for a reaction-diffusion equation in bounded domain with non-autonomous external force, by regularity estimate to get the absorbing set and by virtue of uniform condition-(C) to derive the asymptotic compactness to the semi-processes.
Global existence of solution and corresponding semi-process for a non-autonomous reactivediffusion equation
The space
∩V . then we state the existence of global solution to problem (1)- (3):
then there exists a unique strong solution of problem (1)-(3) such that
Proof. By Galerkin approximate method which is similar to the classical result in [11] , we can prove the theorem.
with P m : X → X 1 is the canonical projector. Denote all the sets of functions
, then for any ε > 0 and τ ∈ R + , we have
proof. See e. g., [6] .
Choosing an arbitrary non-autonomous force
taking Σ = H(σ 0 ) = {σ 0 (· + h)|h ∈ R + } as the symbol space of problem (1)-(3), ∀ σ ∈ Σ is called the symbol of the system (1)-(3). {S(t)} t≥0 is the translation semigroup acting on L 2 loc (R + ; H) which is defined by
Obviously, H(σ 0 ) is strictly invariant under the acting of the translation semi-
From Theorem 2.1, the global strong solution generates semi-processes class
, where u(t) is the solution of problem (1)- (3) with symbol σ ∈ Σ and initial data u τ ∈ V , where
The proof of the theorem will proceed in two steps: in section 3, we shall derive the existence of uniform absorbing set with respect to the symbol σ ∈ Σ, the asymptotical compactness for the semi-process generated by strong solution will be proved in section 4.
Existence of uniform absorbing set Theorem 3.1 Let the external force σ ∈ Σ, u τ ∈ V , then the semi-process has a bounded uniform (w.r.t. σ ∈ H(σ 0 )) absorbing set B 0 in V , where
is a bounded set in V , i.e., U σ (t, τ )u τ V ≤ ρ.
Proof.
Step 1: Taking inner product of (1) with u, and integrating by parts over Ω, we have
where · denotes the H norm, ∇(·) is equivalent to the V norm. Hence,
Integrating the above formula from τ to t, we deduce that
i. e.,
Step 2: Multiplying (1) by u t , integrating over Ω, we obtain
By the Hölder inequality, the Cauchy inequality, we see that
integrating over (τ, t), we derive that
Step 3: From (15)- (18), we have
By Gronwall's inequality to (19), we derive
(R;H) , i.e., B 0 is the uniformly (w.r.t. σ ∈ Σ) absorbing ball for the process {U σ (t, τ )} in V .
Asymptotic compactness for the semi-processes
The term flattening property has been coined for Condition (C) by Kloeden and Langa [5] , and hence we have
(2) (I − P )( 
(ii) The semi-processes {U σ (t, τ )}, σ ∈ Σ satisfy the uniform condition-(C).
Theorem 4.3
For any external force σ ∈ Σ = H(σ 0 ), the initial data u τ ∈ V , the semi-processes {U σ (t, τ ), t ≥ τ, t, τ ∈ R + } generated by the system (1)-(3) have a uniform (w.r. 
Proof. By Lemma 4.2, we only need to verify the semi-processes {U σ (t, τ ), t ≥ τ, t, τ ∈ R + } satisfy the uniform (w.r.t. σ ∈ Σ) condition-(C) in V . 
where u 1 = P m u ∈ H m and u 2 = (I − P m )u ∈ H ⊥ m . Taking inner product of both sides of (1) with u 2 ∈ V , we have 
